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Abstract. The purpose is to present a new and better representation
for the adaptive finite automaton and to also show that both formula-
tions – the original and the newly created – have the same computational
power. Adaptive finite automaton original formulation was explored and
a way to overcome some difficulties found by [7] in its representation and
proofs about its computational power were sought. Afterwards both for-
mulations show to be equivalent in representation and in computational
power, but the new one has a highly simplified algebraic notation. The
use of the new formulation actually allows simpler theorem proofs and
generalizations, as can be verified in the last section of the paper.
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1 Introduction

The principal idea of automata theory led to the creation of more complex types
of automata, with more general automaton behaviors [13]. In the classical formal
languages theory, only automata models with invariable internal structure were
considered. In the adaptive automata model, the highest computational power
is achieved when this assumption is relaxed.

The term adaptive has a well-defined sense within the self-modifying compu-
tational models. In this field, the adaptive formalisms may be divided into two
main categories: adaptive grammars [3],[1] and adaptive machines [11]. Adap-
tive automata belong to the second category and their major characteristic is
ability, without the interference of any external agent, to decide to modify its
own structure in response to some external input. There are many applications
for an adaptive automata model [2],[5] and its computational power is Turing
Machine equivalent [9]. Despite these facts, the adaptive automata model is not
fully formalized and the purpose here is to present a new and better formaliza-
tion for this machine model. For this, the paper is structured as follows. The
second section presents the notations and theoretical preliminaries as well as a
brief description of the classical (original) adaptive finite automaton model. The
third section describes the new formulation and the principal equivalence results
in relation to the classical formulation. The last section presents the conclusion
and further work to be developed.
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2 Notations and Technical Preliminaries

Several notations are required for the adequate discussion of the model presented.
Let N = {0, 1, 2, . . .} be the set of natural numbers. For a finite arbitrary in-
dexed set I = {i0, i1, . . . , im} the two functions, remove function and the expand
function are defined as

rem(I, x) = {I − {x} : x ∈ I} (1)

insert(I, x) = {i0, i1, . . . , im+1} (2)
with (x /∈ I) and im+1 = x

If I is a typed set, the element inserted is of the same type as I. The Axiom
of Choice [4] is assumed to hold. Thus, there is a choice function for every
arbitrary st U , in which a choice function is defined as c(U) ∈ U for U ∈ U . A
non-empty sequence ϕ is an ordered list (ak, . . . , an−1, an) of abstract objects
with [k, n] ⊆ N. The sequence is always nominated by the latest letters of the
Greek alphabet. Let Σ be a non-empty fixed, but arbitrary, finite set of atomic
symbols called alphabet. Any generic symbol of Σ is represented by the first
letters of the Greek alphabet, for example, α ∈ Σ. A string t over Σ is a finite
concatenation of alphabet symbols in which the length of t is denoted by |t| ∈ N.
The empty word, denoted by ε, has its length equal to zero. The set of all
possible strings over Σ is denoted Σ∗, while the set of all nonempty strings
over Σ is denoted Σ+. Any subset L ⊆ Σ∗ is called a language over Σ. A non-
deterministic finite state automaton without outputs over Σ is defined by the
quintuple M = (Q, q0, E, Σ, ∂), in which Q is a finite, non-empty set of states,
∂ ⊆ Q×{Σ∪{ε}}×Q is the automaton state-transition partial function, which
can be expressed by the set ∂ = {δ1, . . . , δn}, in which δi = (q′, α, q′′) for 1 ≤
i ≤ n, {q′, q′′} ⊆ Q and α ∈ Σ ∪ {ε}. The set E ⊆ Q is the accepting states set,
while q0 is the initial state. A scalar hierarchical structure[12] is indicated by the
notation 〈an 〈an−1 . . . 〈a1 〈a0〉〉〉〉, in which ai is part of ai+1 for 0 ≤ i ≤ (n − 1).

2.1 Adaptive Automata

To initiate the discussion about the structural redefinition of the adaptive au-
tomata model, it is first necessary to summarize its classical formulation. In
the Adaptive Automaton [7], there is a set of (optional) adaptive actions which
change the behavior of a non-deterministic finite state automaton by modifying
the set of rules defining it. This modification is performed by an adaptive func-
tion, which is executed by removing or inserting new elements to the automaton
transition function. The adaptive mechanism of the adaptive automaton is de-
fined by attaching a pair of adaptive functions, B (before) and A (after). This
pair of adaptive functions is attached to the subjacent non-adaptive automaton
transitions, one to be performed before the transition takes place, and another to
be performed after executing the transition. This altered automaton transition
is called adaptive transition and its notation is summarized below:

(q, α) : B → q′ : A (3)

in which q ∈ Q; α ∈ Σ ∪ {ε}; B and A are the adaptive functions.
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In the general case, adaptive functions A and B are symbolically declared
apart from the finite state automaton, and they comprehend a header (the name
and the formal parameters of the adaptive function) and a body (declaration of
names and elementary adaptive actions), which have the general form:

η(Ω) {
declaration of names (optional)
declaration of elementary adaptive actions (optional)

}
in which : Ω = {ϕ1, . . . , ϕn} is the n-parameters set of arguments ϕi (for
1 ≤ i ≤ n) passed by a call-by-value strategy to the adaptive function named
η. The arguments may assumed to be any coherent value within the function
body. The body part is formed by the declaration of names and a set of elemen-
tary adaptive actions, responsible for the modifications to be performed. Dec-
laration of names is a list of elements chosen to represent objects in the scope
of the function body. Each declaration of names assumes the following form:
g∗1 , g∗2 , . . . , g

∗
i ; v1, v2, . . . , vj in which the names followed by an asterisk denote

generators (new names to objects that do not belong to the underlying finite
automaton), and the remaining names denote variables. Elementary adaptive
actions specify the actual modifications to be imposed on the automaton.

Any elementary adaptive action potentially has local variables that are filled
once by elementary inspection actions (defined below) and generators that are
filled once with new values (different from all values or variables defined in the
model) when the adaptive action starts. Values are assigned only once to vari-
ables by elementary adaptive inspection and elimination-type actions (explained
below), then those objects become read-only. Generators receive unique values
also once at the start of function execution and remain read-only. Elementary
adaptive actions can be of three types:

1. ?[(q, α) : B → q′ : A]: Inspection-type actions (introduced by a question
mark in usual notation) search the current set of transitions for those the
shapes of which match the given pattern. The elements to be inspected are
replaced by variable names. These variables must be unique, being filled
by the inspection mechanism with the current value of the corresponding
inspected unknown elements, and they become read-only thereafter.

2. −[(q, α) : B → q′ : A]: Elimination-type adaptive actions (introduced by a
minus sign in usual notation), which eliminate all transitions matching the
given shape from the current set of transitions in the automaton.

3. +[(q, α) : B → q′ : A]: Insertion-type adaptive actions (introduced by a plus
sign in usual notation), which add a new transition to the set of current
transitions, according to the specified shape. The adaptive mechanism turns
a finite automaton into an adaptive one by allowing its set of rules to change
dynamically.

The adaptive function is performed following the sequence below [7]: a) the only
values available for variables are those that came from parameters in function
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header, b) the generators are filled, c) the set of elementary adaptive actions of
inspection is performed, d) the set of elementary adaptive actions of deletion is
performed, e) the set of elementary adaptive actions of insertion is performed.
In the classical formulation, there is no particular restriction to the use of mul-
tiple variables in inspecting and eliminating elementary adaptive actions [7].
Additionally, there is no restriction to the types that variables can take. Vari-
ables can assume the role of states or symbols in the transition pattern of an
elementary adaptive action. Thus, the use of the variable concept is not clear.

Adaptive functions were defined informally, using a pseudocode notation to
describe the adaptive functions behavior. This fact implies that the adaptive
automata model, despite its computational power and innovative paradigm, has
ambiguous concepts, such as the nature and number of parameters allowed for
adaptive functions and the use of variables [8]. As can be seen in the next section,
in order to deal with these problems, it is necessary to formalize those definitions.

3 The Adaptive Automaton New Formulation

The task of rewriting the model of the adaptive automaton goes beyond finding
the solutions for the problems mentioned above. First, as the name suggests,
the use of the algebraic theoretical approach can be viewed as an attempt to
understand certain properties (such as types of possible modifications, function
composition, etc.) of the automaton transformations [6]. In this context, the
concept of adaptive automata was inserted in a more general concept of adap-
tive algebra. Second, in turn, an algebraic extension of the automaton concept
implies a new expression for it. Hence, the traditional elements of the automata
theory (automata configuration, step function, etc.) were brought into this re-
formulation.

The following concepts start this idea and provide the basis for the embedding
of the adaptive automata.

Definition 1 (M 0- algebra). Given the set M 0 of all non-deterministic finite
state automaton under an alphabet Σ, a M 0- algebra ı́s defined as M = (M 0, F )
in which F = (f1, f2, ...fn) for fi : M 0 −→ M 0.

Given a non-deterministic finite state automata M0 ∈ M 0 and its state-transition
function ∂, any transition δ = (q′, α, q′′) in which δ ∈ ∂ is called a proper
transition. When δ /∈ ∂, it is called a foreign transition. For any element M0 ∈
M 0, the functions defined below:

S(qi, a, qj, M
0) = {(qi, a, qj) : (qi, a, qj) ∈ ∂} (4)

S(qi, qj , M
0) = {(qi, α, qj) : (qi, α, qj) ∈ ∂} (5)

S(qi, M
0) = {(qi, α, q′′) : (qi, α, q′′) ∈ ∂} (6)

S(qj , M
0) = {(q′, α, qj) : (q′, α, qj) ∈ ∂} (7)

S(qi, a, M0) = {(qi, a, q′′) : qi, a, q′′) ∈ ∂} (8)
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S(qj , a, M0) = {(q′, a, qj) : (q′, a, qj) ∈ ∂} (9)

S(a, M0) = {(q′, a, q′′) : (q′, a, q′′) ∈ ∂} (10)

are called proper-search operations. For any element M0 ∈ M 0, the function
defined as:

N(δ, M0) =

{
δ ⇔ δ /∈ ∂

∅ ⇔ δ ∈ ∂
(11)

is the non-pertinence identification operation.
A sequence δpro = (δpro1 , . . . , δprom) of proper transitions for an automa-

ton M0 is called positive sequence. Any positive sequence of M0 in which all
elements are any of proper-search operations is called a positive pattern se-
quence and is designated by δ̂pro. On the other hand, a transitions sequence
δfor = (δfor1 , . . . , δforn), of foreign transition for M0 is called a negative se-
quence. Analogously to positive pattern sequence, the negative sequence which
has all the elements as non-pertinence identification operations N(δ, M0) is
called a negative pattern sequence and is designated by δ̂for. Given a nega-
tive and a positive pattern sequences for an element M0 ∈ M 0, the sequence
φ = (δ̂for, δ̂pro) is called a transformation pair.

3.1 Adaptive Algebra

Utilizing the proper transition and foreign transition concept, as well the pattern
sequences and the definition of (1) and (2), for any element M0 ∈ M 0, the
δ-remove operation and δ-insertion operation are defined, respectively, by the
operators:

f−
δprok

M0 = f−(δprok
, M0) = (Q, q0, E, Σ, rem(∂, δprok

)) with δprok
∈ δ̂pro

(12)

f+
δfork

M0 =f+(δfork
, M0) = (insert(insert(Q, q′), q′′), q0, E, Σ, insert(∂, δfork

))
(13)

with δfork
∈ δ̂for

Now, it is possible to introduce the concept of adaptive algebra.

Definition 2 (Adaptive Algebra). Adaptive Algebra is the M 0- algebra in
which F = (f−, f+).

3.2 Adaptive Transformations

Let an element M0 ∈ M 0 and its transformation pair φ = (δ̂for, δ̂pro) formed
by positive pattern sequence δ̂pro and a negative pattern sequence δ̂for, in which
δ̂pro = (δpro1 , . . . , δprom) and δ̂for = (δfor1 , . . . , δforn). The Adaptive Function is
defined as:

FφM0 � F(φ, M0) = F−
δ̂pro

F+

δ̂for
M0 (14)
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in which

F−
δ̂pro

M0 � F−(δ̂pro, M
0) = (f−

δprom
◦ f−

δprom−1
◦ . . . ◦ f−

δpro2
◦ f−

δpro1
)M0 (15)

F+

δ̂for
M0 � F+(δ̂for, M

0) = (f+
δforn

◦ f+
δforn−1

◦ . . . ◦ f+
δfor(2)

◦ f+
δfor1

)M0 (16)

are the remove transformation and insertion transformation, respectively.
The adaptive algebra operations provide the basis for building more complex

operators. These operators will be used in the redefinition of adaptive automata.
There are some assumptions to be considered:

– For a transition δ = (q′, α, q′′), it is possible to have q′ ∈ Q and/or q′′ ∈ Q
for Q ∈ M0 and still keeping the condition δ = (q′, α, q′′) /∈ ∂ for ∂ ∈ M0.

– FφM0 = F+

δ̂for
M0 when δ̂pro ∈ φ is an empty sequence.

– FφM0 = F−
δ̂pro

M0 when δ̂for ∈ φ is an empty sequence.

– In the particular situation in which both sequences, δ̂pro and δ̂for are empty,
the first-order transformation pair is called void and is represented by φ∅.
In this case, Fφ∅M0 = M0.

3.3 Adaptive Automata

The new formulation for the adaptive automata model is more than a simple
algebraic reinterpretation of the old definition. The purpose of this section is to
show the most important elements of the automata theory within an adaptive
model.

Definition 3 (Adaptive Automata). A first-order adaptive automata is the
quadruple M1 = (M0, Φ, φ∅, ∂1), in which M0 ∈ M 0 is called subjacent de-
vice. Set Φ of the transformation pairs is called adaptive behavior set. The
element φ∅ ∈ Φ is a void transformation pair called null behavior. Set ∂1 is
the adaptive transition function. Each element of ∂1 takes the form δ1

i,k =
(δi, 〈M1〈Fφk

(M0)〉〉), for φk ∈ Φ and δi ∈ ∂ in which ∂ is the subjacent de-
vice state-transition function.

The configuration of a first-order adaptive automaton M1 is the duple (q′, t) ∈
Q×Σ∗ in which Q belongs to a subjacent device of M1. The initial configuration
is represented by (q0, t) in which q0 is the initial state of the subjacent device
before the execution of any adaptive transition of M1.

For the configuration (q′, t) ∈ Q × Σ∗, the one step function shows how the
adaptive automata changes from one configuration to another:

(q′, t) �[Fφk
M0] (q′′, w) ⇔ ∃α ∈ Σ : αw = t (17)

in which q′′ is a state of Fφk
M0 and ((q′, α, q′′), 〈M1〈Fφk

(M0)〉〉) ∈ ∂1 for φk ∈ Φ.
For a j ∈ N, the closure of the one move function for an adaptive automaton

is defined as:
(q′, t) �∗

[Fφkj
...Fφk2

Fφk1
M0] (q′′, w) (18)

iff (q′ = q′′) and (w = t) or
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1. t = a0a1 . . . ajw with ai ∈ Σ for 0 ≤ i ≤ j
2. ∃(φk1 , φk2 , . . . φkj+1) with φki ∈ Φ for 0 ≤ i ≤ j
3. ∃ p1, p2 . . . pj ∈ Q such that:

(q′, t) �[Fφk1
(M0)] (p1, a1a2a3 . . . ajw)

�[Fφk2
Fφk1

(M0)] (p2, a2a3 . . . ajw) �[Fφk3
Fφk2

Fφk1
(M0)] . . .

�[Fφkj
...Fφk2

Fφk1
(M0)] (pj , ajw)

�[Fφkj+1
Fφkj

...Fφk2
Fφk1

(M0] (q′′, w)

4 New Formulation Equivalence

Finally, the equivalence between the two presentations (the classic and the alge-
braic) will be proved. Proposition 1 from [10] shows that any adaptive transition
that uses adaptive actions before and after the underlying device transition can
be replaced by two consecutive transitions using only before (or after) adaptive
actions. Thus, each transition has a unique adaptive function and simplifies the
notation. The Lemma below states this result.

Lemma 1. The adaptive actions may be placed in order to change an automaton
(a) before the rule without using after-rule adaptive actions, or (b) after the rule
(transition) without using before-rule adaptive actions.

Lemma 1, in conjunction with Lemmas 2 and 3, shows that any transition of
an adaptive finite-state automaton constructed using the original (classical) way
[6] can be mapped to a transition using the new representation.

Lemma 2. Any finite state automaton modification performed by the classi-
cal elementary adaptive actions (inspection, elimination or insertion) can, al-
ternatively, be performed by proper-search operations, δ-remove operation or δ-
insertion operation, respectively.

Proof (SKETCH). The proof of Lemma 2 is not difficult but lengthy. For space
reasons, only the proof sketch will be shown here. All inspection actions can be
replaced with proper-search functions that, by definition, perform exactly the
same type of search in automaton structure. The equivalence of the elimination
action with the δ-remove operation is immediate from definitions, but the equiv-
alence between insertion action and δ-insertion operation is more complex: if the
insertion action actually inserts an internal transition (without an adaptive ac-
tion) then the equivalence is immediate from the definitions, too; however, if the
added transition is an adaptive one, the insertion action needs two δ-insertion
operations for an equivalent modification effect. Without loss of generality, con-
sider that all the classical adaptive actions must be defined a priori, then, in the
new model, they must also be available as empty transitions disconnected from
the initial model. Then two δ-insertion operations connect the adaptive action
to the proper added transition. Thus, the order of execution of the new automa-
ton transition and the adaptive action are preserved by the adaptive automaton
transition function. �
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Lemma 3. Each adaptive action Ai, defined using the original formulation,
may be represented by the (new) adaptive function FφiM

0.

Proof (by the use of Lemmas 1 and 2).
By Lemma 1, it is possible to transform any adaptive finite automaton into

another one, which makes use of adaptive actions only after the rule has occurred.
It is clear from the definitions that any adaptive action Ai is composed by lists
of elementary adaptive actions.

Let Ai be an adaptive action described by the three sets of elementary adap-
tive actions (inspection elementary actions, deletion elementary actions, and in-
sertion elementary actions sets). Using Lemma 2, all the elementary actions can
be mapped to the proper-search operations, δ-remove operation and δ-insertion
operation, respectively, of the new formulation. Thus, there exists an adaptive
function FφiM

0 that, using Lemma 2, maps the same tasks performed by the
classical adaptive action Ai.

Hence, the (new) adaptive function FφiM
0 is computationally equivalent to

the adaptive action Ai. �

Now it is still to be proven that both representational formalisms, the original
one and this newer one are, in fact, equivalent and, thus, the new formalism can
replace the original (traditional) one without causing any harm to the theory.

Theorem 1. Any adaptive finite-state automaton described in the original form
can be replaced by the new form without destroying its properties.

Proof (by induction on the number of adaptive transitions).

Base of the induction: By Lemma 3, for the classical adaptive transition
(q′, α) → q′′ : Ai, there is an adaptive function Fφi such that (q′, αt) �[Fφi

M0]

(q′′, t) and action A are mapped directly.

Inductive hypothesis: Suppose that there is a sequence of n transitions, with
0 ≤ n ≤ :

(qk, αk) → qk+1 : Aj

. . .
(qk+n, αk+n) → qk+(n+1) : Aj+n

in the classical formulation, then there is a sequence Fφj+n . . . Fφj M
0 of the new

formulation adaptive functions such that each Fφi , for 1 ≤ i ≤ n, is equivalent
to Ai and (q, αk . . . α(k+n)t) �∗

[Fφj+n
...Fφj

M0] (qk+(n+1), t).

Inductive step: Suppose that there is a sequence of n + 1 classical formulation
adaptive transitions:

(q, α) → q′ : A1

(q′, α′) → q′′ : A2

. . .

(q(n−1), α(n−1)) → q(n) : An

(q(n), α(n)) → q(n+1) : An+1
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so, by the inductive hypothesis, there is a sequence of n transitions (q, α′α′′ . . .
α(n−1)t) �∗

[Fφn ...Fφ2Fφ1M0] (q(n), t) which performs the original n-transitions se-

quence. Based on this sequence, it is possible to build (q(n), αw) �[Fφn+1M0]

(q(n+1), w), that performs the same task as the original An+1. Thus, combining
those results, it is clear that the original (n+1)-transitions sequence is properly
mapped by a (n + 1)-transitions sequence of the new formulation. �

5 Conclusion

The adaptive function itself, expressed by transformation FφM0, restricted the
nature and number of parameters allowed for adaptive actions to only two: the
underlying device and the transformation pair. Thus, using the Adaptive Alge-
bra to redefine the adaptive function concept allowed the resolution of the two
problems mentioned in subsection 2.1 (and in [7]) and was the major objective of
this work. As collateral results, the adaptive automaton notation became more
compact and sharper. The inclusion of an adaptive algebra opened an entire new
branch for the study of the adaptive technology. Now, there are many interesting
questions to be analyzed, ranging from a more extensive study of the algebraic
properties of the adaptive operations, up to the topological characteristics of the
adaptive automata space, as well as the connections to other areas, such as the
computational learning theory.

5.1 Future Work

With respect to the essential aspects of the adaptive automata space, there
are various topics to be explored. The first one, which is going to appear in
a forthcoming paper, consists in verifying the possibility to define a higher or-
der adaptive automaton. In this case, the subjacent device is itself an adaptive
automaton.
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